We measure the power spectrum of the density distribution of a freely expanding 2D degenerate Bose gas, where irregular density modulations gradually develop due to the initial phase fluctuations in the sample. The spectrum has an oscillatory shape, where the peak positions are found to be independent of temperature and show scaling behavior in the course of expansion. The relative intensity of phase fluctuations is estimated from the normalized spectral peak strength and observed to decrease at lower temperatures, confirming the thermal nature of the phase fluctuations. We investigate the relaxation dynamics of nonequilibrium states using the power spectrum. Free vortices are observed with ring-shaped density ripples in a perturbed sample after a long relaxation time.
We measure the power spectrum of the density distribution of a freely expanding 2D degenerate Bose gas, where irregular density modulations gradually develop due to the initial phase fluctuations in the sample. The spectrum has an oscillatory shape, where the peak positions are found to be independent of temperature and show scaling behavior in the course of expansion. The relative intensity of phase fluctuations is estimated from the normalized spectral peak strength and observed to decrease at lower temperatures, confirming the thermal nature of the phase fluctuations. We investigate the relaxation dynamics of nonequilibrium states using the power spectrum. Free vortices are observed with ring-shaped density ripples in a perturbed sample after a long relaxation time. Phase coherence is one of the main characteristics of superfluidity and critically affected by the dimensions of the system. In low dimensional systems, large thermal and quantum phase fluctuations prohibit the establishment of long-range phase coherence which is a typical order parameter for a three-dimensional superfluid [1, 2] . Nevertheless, a two-dimensional (2D) interacting system can undergo a superfluid phase transition at a finite critical temperature with an algebraically decaying coherence. This transition is successfully described in the Berezinskii-Kosterlitz-Thouless (BKT) theory [3, 4] as a topological phase transition, where the critical point is associated with spontaneous pairing of free vortices with opposite circulations.
Recent experiments with 2D atomic Bose gases have demonstrated that this BKT physics can be studied in a finite-size trapped sample [5] [6] [7] [8] [9] [10] [11] . Phase coherence and thermodynamic properties have been investigated using matter-wave interference and by detailed analysis of the in situ density and momentum distributions of trapped samples, observing the algebraic decay of coherence [5] , a presuperfluid regime [7] [8] [9] [10] , and the scale invariance of the equation of state [9, 11] . It is now highly desirable to have quantitative probes directly sensitive to phase fluctuations in order to study the topological nature of the phase transition. In particular, nonequilibrium phase dynamics near the critical point would provide valuable insights on the BKT transition. Relaxation dynamics in the 2D XY model have been under intense theoretical investigation [12, 13] and recently an experimental scheme to study a dynamic BKT transition in 2D Bose gases was proposed [14] .
In this paper, we demonstrate a new quantitative probe for phase fluctuations in a 2D degenerate Bose gas using the density correlations in a freely expanding sample. Irregular density modulations gradually develop in the coherent part of the sample during expansion. We observe that the power spectrum of the density distribution has an oscillatory shape and find that the peak positions are independent of temperature and show scaling behavior in the course of expansion. The relative intensity of phase fluctuations is estimated from the spectral peak strength normalized with the central density of the coherent part and we show that it decreases at lower temperature in thermal equilibrium. This confirms the thermal nature of phase fluctuations in the 2D system. In addition, we investigate the relaxation dynamics of nonequilibrium states by measuring the time evolution of the relative intensity of phase fluctuations. Interestingly, ring-shaped density ripples stochastically appear in a perturbed sample after a long relaxation time, which we identify with free vortices having a long lifetime in a 2D sample.
We prepare a 2D degenerate Bose gas of 23 Na atoms in a single pancake-shape optical dipole trap [15, 16] . Thermal atoms in the |F = 1, m F = −1 state are loaded from a plugged magnetic trap [17] into the optical trap and evaporative cooling is applied by reducing the trap depth. The sample temperature is controlled by the final trap depth in the evaporation, resulting in 0.6 to 1.3×10 6 atoms in a sample. Finally, the optical trap depth ramps up and the trapping frequencies (ω x , ω y , ω z ) = 2π×(3.0, 3.9, 370) Hz. The cooling procedure is intentionally set to be slow over 15 s, ensuring thermal equilibrium. The lifetime in the optical trap is over 50 s. In the ThomasFermi approximation, the chemical potential is about h × 260 Hz less than the confining energy ω z , so we expect 2D physics in the phase coherence of the sample at low temperature. The dimensionless interaction strength g = a 8πmω z / 0.013, where a is the 3D scattering length and m is the atomic mass. The in-plane density distribution n(x, y) is measured by taking an absorption image after an expansion time t e which is initiated by suddenly turning off the trapping potential.
Expansion has been a conventional and powerful method in quantum gas experiments to study coherence properties of a sample [7, 10] . In our experiment, we are interested in the short expansion regime where t e 1/ω x,y and the phase coherence information would be revealed as density correlations. Since the sample initially expands fast along the tight direction, the atom interaction effects are rapidly reduced and the subsequent evolution in other directions can be described as free expansion. When the sample contains phase fluctuations, self interference would result in density modulations in the expanding sample. This method has been exploited in previous studies of phase fluctuations in elongated Bose-Einstein condensates [18] and 1D Bose gases [19] .
We observe that density fluctuations develop in an expanding 2D Bose gas (Fig. 1) , where the characteristic size and the visibility of the density lumps increases with the expansion time. Density fluctuations appear discernible only when the sample shows a bimodal density distribution so we refer the center part as the coherent part of the sample in the following [6, 7] . In order to obtain the density correlation information, we measure the power spectrum of the density distribution as the square of the magnitude of its Fourier transform,
Although the spatial pattern of the density modulations appears random in each realization, the power spectrum clearly reveals a multiple ring structure that scales down with the expansion time [ Fig. 1(c) and (f) ]. For quantitative analysis, we obtain an 1D spectrum P (q) by azimuthally averaging the 2D spectrum (Fig. 2) [20] . The strong signal around q = 0 corresponds to the finite size of the coherent part.
The scaling behavior of the spectrum can be qualitatively understood in terms of the Talbot effect [21, 22] . It is well known in near-field diffraction that when a grating is illuminated by monochromatic waves, the identical selfimage of the grating is formed at a distance L T = 2d 2 /λ away from the grating, where d is the grating period and λ is the wavelength of the incident radiation. The same effect occurs with a phase grating [23] . In matter wave optics, λ = h/mυ, where υ is the incident speed of atoms [24] , so the propagation time for self-imaging is defined as t T = L T /υ = 2md 2 /h independent of υ. If we consider a 2D Bose gas as a macroscopic matter wave containing phase fluctuations at all length scales, it is expected that the component of wavenumber q satisfying the Talbot condition q 2 = 4πm/ t e will emerge predominantly in the density distribution at a given expansion time t e . The multiple peaks in P (q) can be accounted for by the fractional Talbot effect where self-images with smaller periods d/n (n > 0 is an integer) are produced at L T /2n [22] .
Recently, theoretical calculations on the spectrum of density modulations have been performed for a homogeneous 2D Bose gas at low temperatures [25] , showing that the nth peak position q n closely satisfies q (n − 1/2). In particular, they predict that for sufficiently long expansion times the spectrum remains self-similar during expansion and its shape is determined only by the exponent of the power-law decay of the first order coherence function.
In our experiment, we observe that the spectrum preserves its oscillatory shape during expansion and that the peak positions q n 's are independent of temperature ( Fig. 2) , which are in qualitative agreement with the theoretical prediction. However, we find different scaling behavior of q n 's in the measured spectra, which is well described as q 2 n t e /2πm = αn γ with 0.2 < α < 0.45 and 0.7 < γ < 1 for t e = 10 ∼ 25 ms [ Fig. 2(d) ]. Furthermore, the phase of the spectral oscillation is opposite to the theoretical prediction, suggesting that an additional peak is present at q 0 = 0, which is also hinted by the shoulder-like hump in q < q 1 / √ 2. We rule out the finite size effects by seeing no dependence of q n 's on sample size as well as temperature, implying that the observed scaling behavior might be intrinsic to the expansion dynamics. We note that the long expansion time condition t e /m ξ 2D for the validity of the theoretical prediction is marginally fulfilled in our experiment ( t e /m/ξ 2D ∼), where ξ 2D = / √ mµ is the 2D healing length, µ being the chemical potential [26] . The universality of the spectral peak positions suggests that the spectral peak strength can be used as a measure of the magnitude of phase fluctuations in a sample. In order to quantify the relative intensity of phase fluctuations, we normalize the strength of the first spectral peak with the square of the central density n c of the coherent part in the sample,P (q 1 ) = P (q 1 )/n 2 c , where n c is determined from a fit of two gaussian curves to the density distribution [6, 7, [27] [28] [29] .
UsingP (q 1 ), we first investigate the temperature dependence of phase fluctuations in thermal equilibrium. To estimate the relative temperature to the critical point in a model-independent way [8, 11] , we use the coherent fraction η that is defined as the ratio of the atom number of the coherent part to the total atom number. The value of η was constant within 5% for our expansion times. Fig. 3 shows thatP (q 1 ) is suppressed at lower temperature (higher η), confirming the thermal nature of phase fluctuations.
For a weakly interacting 2D Bose gas, especially for our smallg = 0.013, the BKT critical temperature T c is close to the BEC critical temperature for a trapped ideal Bose gas T c,BEC = 0.94 (ω x ω y ω z N ) 1/3 /k B [7, 27, 28] . We estimate T c ≈ 80 nK for N ≈ 1.3×10
6 . Since k B T c ≈ 4 ω z , thermal populations in the tight direction is not negligible, accounting for the gaussian-like profile of the saturated thermal cloud [27, 28] . The rapid increase ofP (q 1 ) at η < 0.2 might indicate the behavior in the proximity of the critical point. In Ref. [7] , the critical point was identified at η ≈ 0.1 with the abrupt change in the width of the coherent part. Since the spatial extent of the coherent part becomes small, the signal-to-noise ratio is poor when η ≤ 0.05 so we cannot study the presuperfluid regime where the decay of the coherence function changes from algebraic to exponential, which might be reflected in the spectral shape.
The power spectrum can be used to study nonequilibrium dynamics in a 2D Bose gas. For this study, we prepare a 2D sample in a nonequilibrium state by transferring a condensate instead of thermal atoms from the plugged magnetic trap into the optical trap. The induced perturbations are small enough that the density profile in the optical trap is quite close to that at equilibrium. In Fig. 4(a) , we plot the time evolutions of samples in various initial conditions in the plane ofP (q 1 ) and η (Fig. 4f) , clearly showing that the nonequilibrium states decay to equilibrium. The decay time of the excess phase fluctuations with respect to the equilibrium value is measured to ∼ 4 s, corresponding to ∼ 10 collision times in our typical condition. Note that the hottest sample first decays and then moves along the equilibrium line with increasing η because of the evaporation cooling due to the finite trap depth. This verifies that our previous measurements are indeed for phase fluctuations in thermal equilibrium.
Remarkably, ring-shaped density ripples are observed in the perturbed samples after long relaxation times (Fig. 4) . We believe that this corresponds to vortex excitations generated in the sample transferring procedure. Since a vortex in 2D can decay only via pairing with another vortex with opposite circulation or drifting out of the finite sample, we may expect a metastable state with vortices having a long lifetime. Recently, it has been reported that vortex excitations survive longer in an oblate condensate because Kelvin mode excitations on a vortex line are suppressed [30, 31] . The ring pattern appears more often at lower temperature with stronger perturbations. In the two lowest temperature cases (circle and triangle in Fig. 4) , the appearance probability is about 60% at t h = 18 s of hold time, where the spectral strength of the samples with vortices is about 10% higher than without them. In Fig. 4(b) , the decay rates of the two coldest samples become slightly slower after t h > 5 s, which might be attributed to the long lifetime of vortices. Fig. 4(d)-(f) shows the expansion dynamics of the ringshape density ripples. In the thermal equilibrium case, the ring pattern was never seen for η > 0.2.
In conclusion, we have demonstrated the power spectrum of the density fluctuations in a freely expanding 2D Bose gas as a new quantitative probe for phase fluctuations. Together with more controlled perturbations [32, 33] , we expect this method to be extended for studying nonequilibrium phenomena in BKT physics such as critical exponents [12, 13] and dynamic transitions [14, 34] .
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